Abstract. We investigate the complex spectra
Introduction
Since the discovery of quasicrystals [19] , it has been recognized the need of using irrational numbers in describing mathematical models of these aperiodic structures with non-crystallographically forbidden symmetries. The most common example are quasicrystals revealing five-fold (or ten-fold) symmetry, for which a model based on the golden ratio τ = 1 2 (1 + √ 5) is required, see e.g. [14] . Quasicrystals with symmetry of order 8 and 12 correspond to other quadratic irrationalities. Only recently, quasicrystals with cubic irrationality have been observed [6] , see also [20] . Naturally, rotation symmetries are connected to the so-called Pisot-cyclotomic numbers, whose most simple example is the golden ratio, and the quadratic and cubic cases are connected precisely to symmetries of order 5 (10), 7 (14) , 8, 9 (18) , and 12.
In [4] , a convenient tool for studying quasicrystals has been identified, namely number representation in systems with irrational base. Although such non-standard number systems have been studied long before [18] , their connection to quasicrystal models has only been exploited in recent years. In this paper we study originally a number-theoretic object, the so-called spectrum of a number. By its nature, the spectrum is self-similar and has a rotational symmetry. We demonstrate the utility of these structures for modelling quasicrystals.
The problem of the so-called spectrum of a real number β > 1 has been introduced by Erdös et al. [5] . The spectrum of X A (β) for A = {0, 1, . . . , r} ⊂ N is the set of polynomials with non-negative integer coefficients in the alphabet A, evaluated in β, X A (β) = n j=0 a j β j : n ∈ N, a j ∈ A . Specific properties are valid if β is taken to be a Pisot number, i.e. an algebraic integer with conjugates smaller than 1 in modulus. In particular, there is only a finite number of distances between consecutive points of X A (β), and the distance sequence can be generated by a substitution [7] .
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A generalization of the spectra to the complex plane was considered by Hejda and Pelantová [10] , who define the spectrum of a complex Pisot number β and study its Voronoi tessellation for the case of cubic complex Pisot units. We consider a generalization in another direction. The base β remains a real number > 1, but the alphabet A of digits is taken to be a finite set of complex numbers. In particular, we study the cases leading to X A (β) as subsets of cyclotomic integers, providing thus discrete aperiodic structures with crystallographically forbidden symmetries. We focus on the cases where β is a quadratic and cubic Pisot-cyclotomic number and the alphabet A is formed by the origin and the vertices of a regular polygon.
Recall a Pisot number is a real algebraic integer β > 1 such that all of β's Galois conjugates are strictly less than 1 in absolute value. A Pisot-cyclotomic number of order n is a Pisot number β such that Z[β] = Z[2 cos
2π n ]. Notice that if β is a Pisotcyclotomic number of order n, then β will have degree φ(n)/2, where φ is the Euler totient function. In the case when n = 5, 8, 10 or 12, this means that β is quadratic. In the case when n = 7, 9, 14 or 18 this means that β is cubic. We list the set of all quadratic and cubic Pisot-cyclotomic numbers, in Table 1 . Pisot cyclotomic numbers of degree 2 and 3, as found in [3] . Certain of these Pisot-cyclotomic numbers we denote with special symbols, as we will be using them in the future.
Pisot-cyclotomic numbers of order n play a crucial role in models for quasilattices and quasicrystals. The standard method used for such models is the cut-and-project method. In this paper we present an alternate model that comes from the spectra of a Pisot-cyclotomic number with respect to a specific digit set. We show that this alternate model shares many of the desired properties with the cut-and-project method. In some cases the two models coincide exactly, whereas in other we can show that these are two distinctly different models. Thus, we give an alternative model that may find future applications.
For a subset Λ ⊂ C to be a quasilattice, one usually requires a number of specific properties.
(i) Rotational symmetry: For a root ω of unity, one has ωΛ = Λ.
(ii) Dilation: There exists a β ∈ R, β = ±1 such that βΛ ⊂ Λ. (iii) Uniform discreteness: There exists ǫ 1 > 0 such that for all z 1 , z 2 ∈ Λ either
Relative density: There exists an ǫ 2 > 0 such that for all z ∈ C we have B ǫ 2 (z) ∩ Λ = ∅. (v) Finite local complexity: Λ is uniformly discrete, relatively dense, and for each ǫ, the intersection of the set Λ − Λ with the open ball B ǫ (0) is finite.
Sets satisfying properties (iii) and (iv) are called Delone sets. The supremum of parameters ǫ 1 gives the double of the packing radius of Λ, and the infimum of all ǫ 2 with the required property is called the covering radius of Λ; we denote it by r c . Property (v) in fact means that there are only finitely many local configurations of any given radius. The closest neighbourhoods of points in a Delone set Λ can be described using the so-called Voronoi tiles. A Voronoi tile of a point x ∈ Λ is the set of points in C closer to x than to any other point of Λ. Voronoi tiles of all points of Λ form a tiling of C. If Λ has property (v), the corresponding tiling is composed of copies of only finitely many Voronoi tiles.
All the (not necessarily primitive) n-th roots of unity form vertices of a regular n-gon in the complex plane, let us denote by them ∆ n = {ω j : j ∈ Z}. We will consider the following sets,
This is the spectra of β with respect to the alphabet A. Note that by definition, we trivially have rotational symmetry as ω k X = X. We further see that we have dilation, as βX ⊂ X. In fact even strong is true, for any A :
. Hence this satisfies dilations with multiple possible centers. In Section 2 we discuss this set with respect to the other desired properties.
We show under what conditions X A (β) gives a quasilattice satisfying properties (i)-(v). We will compare the corresponding spectrum with the cut-and-project sets defined for these cases. It turns out that sometimes, the acceptance window is given by a polygon, in other situations, we need to consider cut-and-project sets whose acceptance window have fractal boundary. Note that such structures appeared already in [1] in connection to aperiodic tilings. We also provide some information about the Voronoi tiling of the spectrum.
Uniform discreteness and relative density of the spectrum
By a variation of the Proof of Theorem 2.9 of Ngai and Wang [15] one can show that the spectrum of a Pisot number β with alphabet B being a finite subset of an imaginary quadratic extension of Q(β) is always a uniformly discrete set. Theorem 2.1. Let β be a Pisot number and let ω be a zero of a quadratic polynomial g(x) ∈ Q(β) [x] with negative discriminant. If B ⊂ Q(ω) is a finite alphabet, then the set X B (β) = n j=0 a j β j : n ∈ N, a j ∈ B is uniformly discrete.
Proof. Let first F ⊂ Z be a finite set of integers. A well known property of Pisot numbers is that X F (β) is uniformly discrete. See for example [8] . It is not hard to see that this is still true if we take
j , Q ∈ Z, then one can find an integer alphabet G (consisting of sums of b
. Consider a finite set B ⊂ Q(ω). Since ω is quadratic over Q(β), every element in B can be written as a + bω where a, b ∈ Q(β). Considering B 1 = {a : a + bω ∈ B} and B 2 = {b : a + bω ∈ B} we see that
As the polynomial g has negative discriminant, ω is complex and therefore the right hand side of the above is a lattice composed of two uniformly discrete subsets of R (one of them rotated by ω). We see that the right hand side is uniformly discrete. Hence so is the left hand side as required.
We see that Theorem 2.1 can be applied in the case of the spectrum of Pisot numbers under consideration. Corollary 2.2. Let β be a Pisot-cyclotomic number of order n, let ω be a primitive n-th root of unity. If B ⊂ Q(ω) is a finite set, then the spectrum X B (β) is uniformly discrete.
Proof. We have ω + ω −1 = 2 cos 2π n , which implies that ω is a zero of the quadratic polynomial g(x) = x 2 − 2 cos 2π n x + 1. By definition of Pisot-cyclotomic numbers, 2 cos 2π n ∈ Z[β], thus g is a polynomial over Q(β). Its discriminant 4 cos 2 −4 is negative (except for n = 1, 2 that corresponds to the trivial case β ∈ Z). Thus we can apply Theorem 2.1 to obtain the result. Corollary 2.3. Let β > 1 be a Pisot-cyclotomic number of order n and let B ⊂ Q(β) be a finite set. If X B (β) is relatively dense, then it is of finite local complexity.
Proof. We need to check whether X B (β) − X B (β) has finitely many elements in the ball B ǫ (0) of any radius ǫ. Since X B (β) − X B (β) ⊂ X B−B (β) and B − B ⊂ Q(ω), we can use Corollary 2.2 to obtain the statement.
Under the assumption that X B (β) is discrete, we can compute all the points of the finite set X B (β) ∩ B R (0). The following algorithm is based on the observation that if z ∈ X B (β) such that |z| > max{|a| : a∈B} β−1
, then |βz + a| > |z|.
• Set X 0 := B and M := max{R,
• Repeat until X n = X n−1 . Let us concentrate on the question about relative density of the spectra in the complex plane. We provide a number of results for general real base and general complex alphabet. The next is an adaptation of Theorem 1.1 [10] , where spectrum of complex numbers with an alphabet of integer digits is considered.
Theorem 2.4. Let β ∈ C, |β| > 1 and let B ⊂ C be finite. If #B < |β| 2 , then X B (β) is not relatively dense.
Proof. Denote M := max{|a| : a ∈ B}. For any relatively dense set Λ ⊂ C, we have
Set Λ := X B (β). We will show that such Λ does not satisfy (1) . First notice that for any r > M |β| we have
which then clearly implies that
Indeed, consider x = k j=0 a j β j with a j ∈ B and such that |x| ≤ |β|r − M. Then y := (x−a 0 )/β = k j=1 a j β j−1 ∈ Λ and |y| ≤ (|x|+|a 0 |)/|β| ≤ (|β|r−M +M)/|β| = r. Since x = βy + a 0 , the inclusion is valid.
By (1), it is enough to construct a sequence (r k ) k≥0 such that r k → ∞ and
, and so any choice
Since Λ = X B (β) always contains the origin, the latter is non-zero and we can write
which proves (3). Thus X B (β) is not relatively dense.
The condition #B ≥ |β| 2 for relative density in Theorem 2.4 is necessary, but not sufficient. We further provide necessary and sufficient conditions for relative density of the spectrum X B (β) in terms of representation of complex numbers in base β with digits in B.
Given a base γ ∈ C, |γ| > 1 and a finite alphabet B ⊂ C, we will say that C is (γ, B)-representable, if for any z ∈ C, there exists a convergent series
which is said to be a (γ, B)-representation of z. For the given representation of z, we define its integer and fractional parts,
For γ ∈ C, |γ| < 1 define the set K := K(γ, B) ⊂ C as follows:
Remark 2.5. It can be shown that K is a compact set. In fact, it is the attractor of the iterated function system (IFS) with contraction γ and offsets a ∈ B. In particular,
is the unique non-empty compact set satisfying
is relatively dense. Moreover, for its covering radius, we have r c ≤ M/(|β| − 1), where M = max{|a| : a ∈ B}.
Proof. By assumption, for any z ∈ C we have an expansion z =
In order to present an opposite statement, we need an additional requirement. Recall that we say a set Λ ⊂ C is discrete, if for every ǫ > 0, the intersection Λ ∩ B ǫ (0) is finite.
Proposition 2.7. Let β ∈ C, |β| > 1 and let B ⊂ C be finite. If X B (β) is relatively dense and discrete, then C is (β, B)-representable.
Proof. Since X B (β) is relatively dense, we can find, for a given z ∈ C, an element y ∈ X B (β) such that |z − y| ≤ r c , where r c is the covering radius of X B (β). Similarly, we find a sequence (y n ) n∈N ⊂ X B (β) such that for each n ∈ N, we have |β n z−y n | ≤ r c . Obviously, lim n→∞ y n /β n = z. We have to prove the existence of a series representing z.
Since y n ∈ X B (β), we can write
Note that frp(y n /β n ) ∈ K(1/β, B) and K is compact, thus we can find a subsequence (w n ) n∈N of (y n /β n ) n∈N such that frp(w n ) n∈N is convergent with lim n→∞ frp(w n ) = w =
Proposition 2.8. Let β ∈ C, |β| > 1 and let B ⊂ C be finite. Suppose that X B (β) is discrete. Then C is (β, B)-representable if and only if 0 ∈ int K(1/β, B) .
Proof. First suppose that 0 ∈ int K(1/β, B) , and consider z ∈ C. Necessarily, there exists n ∈ N such that z/β n ∈ K. Therefore z/β n = 0 i=−∞ a i β i for some a i ∈ B, whence z has a (β, B)-representation z = n i=−∞ a i−n β i . Suppose on the other hand that every z ∈ C has a (β, B)-representation. If z ∈ B 1 (0), then for its fixed representation we have
where
Theorem 2.9. Let β ∈ C, |β| > 1 and B ⊂ C be finite. Suppose that X B (β) is discrete. Then the following statements are equivalent.
(
Proof. The equivalences (1), (2), and (3) follow from Propositions 2.6, 2.7, and 2.8. (3) holds, then we have
The implication (4) =⇒ (3) is trivial.
Spectrum with polygonal alphabet
Let us focus on the specific example of the spectrum, namely when β is a Pisotcyclotomic number of order n and the alphabet of digits is formed by the vertices of the regular n-gon and the origin. In particular, A := ∆ n ∪ {0}. Recall we have denoted ∆ n = {ω j : j = 1, . . . , n} with ω = exp 2πi n . Since A ⊂ Q(ω), it follows from Theorem 2.1 that the spectrum X A (β) is uniformly discrete. Based on Theorem 2.4, the only options for relatively dense spectrum among the quadratic and cubic Pisotcyclotomic numbers from Table 1 are τ (with n = 5 and n = 10), τ 2 (with n = 10), λ (with n = 7 and n = 14), δ (with n = 8), κ (with n = 9 and n = 18), and µ (with n = 12).
In order to prove/disprove relative density, we use Propositions 2.6 and 2.7, and the results of Herreros [11] . In his thesis, he considers representations of complex numbers in a real base γ with polygonal alphabet. In particular, he proves the following statement, which we rephrase with our notation. This allows one to combine easily Proposition 2.6 with the statement of Herreros to obtain that all cases of the spectra are relatively dense, except the case that β = κ and A = ∆ 9 ∪ {0}. Here, one must check that
and thus Proposition 2.7 gives that the spectrum is not relatively dense. The results are summarized in Table 2 .
In order to put these results in context of Proposition 2.8, see Figure 1 where the set K(β, A) is drawn for the considered cases. Table 2 .
Spectra and cut-and-project sets
Before starting our discussion on the connection of the spectra to cut-and-project sets, let us first review some of the basic details concerning the cut-and-project method. Usually, it is defined by projection of a section of a higher dimensional lattice to a suitably chosen subspace, see [13] . The cut-and-project scheme is given by two subspaces
. Given a lattice L ⊂ V , we require that π 1 restricted to L is injective, and that π 2 (L) is dense in V 2 . Then, one has a mapping
If Ω is a bounded subset of V 2 with non-empty interior, then we define Σ(Ω) = {x ∈ M : x ⋆ ∈ Ω}. In special cases leading to non-crystallographic symmetries, this definition can be recast in an algebraic way, in particular, with the use of Pisot-cyclotomic numbers [14] .
We present here the definition of a cut-and-project set in this restricted frame, suitable for our purposes.
Let β be a Pisot-cyclotomic number of order n, and let ω be an n-th root of unity. If β is quadratic, there exists an automorphism σ of Z[ω] that takes β to its conjugate β ′ . For β cubic, there exist two different automorphisms σ 1 and σ 2 of Z[ω] that take β to its two conjugates β 1 and β 2 , respectively.
It is worth observing that as
2π n ] and cos 2π n is totally real, then so is β. It can be easily shown that
. In particular, Z[ω] is equal to the ring of integers in the cyclotomic field Q(ω). Set M = Z[ω]. It holds that ωM = M and that M is closed under Galois conjugation. Given a bounded set Ω (Ω ⊂ C for quadratic β, or Ω ⊂ C × C for cubic β) with non-empty interior, we define the cut-and-project set Σ(Ω) by
for quadratic β and
for cubic β. The set Ω is called the acceptance window. As the sets Σ(Ω) fall within the frame of model sets studied in [13] , one can derive that such cut-and-project are uniformly discrete relatively dense sets of finite local complexity.
Sometimes, one considers cut-and-project sets where the acceptance window Ω satisfies some additional properties. In our frame, taking Ω symmetric under rotation of order n, i.e. ω
k Ω = Ω, we also have ω k Σ(Ω) = Σ(Ω), which means that Σ(Ω) has n-fold symmetry.
It is useful to consider also restriction of the above defined cut-and-project sets to one dimension, in this case presented as the cut-and-project sequence
σ(x) amounts to the Galois conjugation in the field Q(β). The set I is usually taken to be a bounded non-degenerated interval. Such sequences have been well described, in particular, they are easy to generate, and allow to generate more-dimensional cases, as we shall use further in this section.
Let us study whether the spectrum X A (β) can be related to a cut-and-project set in the above setting. Obviously, X A (β) a subset of the set of cyclotomic integers M. It is natural to ask whether there exists a reasonable Ω such that X A (β) = Σ(Ω). We consider the Galois conjugation of elements of X A (β).
Theorem 4.1. Let β be a Pisot cyclotomic number of order n and let A = ∆ n ∪ {0}. Suppose that σ is a Galois conjugation on Q(ω) such that |σ(β)| < 1. Then
Moreover, if K(σ(β), A) contains 0 in its interior, then
Proof. Since σ(A) = A, elements of σ(X A (β)) are of the form
Obviously z is the limit of
For the latter inclusion, it suffices to see the equivalence in Theorem 2.9.
Corollary 4.2. Since K(σ(β), A) is the attractor of the corresponding IFS, one can derive some information about the shape σ(X A (β)). In particular
) is a polygon.
• If −1 < σ(β) < −1/2 and n is even then cl(σ(X A (β))) is a polygon.
• If −1 < σ(β) < −1/ √ 2 and n is odd then cl(σ(X A (β))) is a polygon.
The shapes of K(σ(β), A) for all the quadratic resp. cubic cases are displayed in Figures 3 and 2 . Note that if β is a quadratic unit, we have σ(β) = ±β −1 . Thus K(σ(β), A n ) = K(1/β, A n ) when either σ(β) = 1/β and/or n is even (which means A n = −A n ). In fact, the cases where this is not true are n = 5, β = τ and n = 12, β = µ (compare Figures 1 and 3) .
From Theorem 4.1, one can derive a suitable choice of the acceptance window for comparing the spectra with cut-and-project sets. 
In the quadratic case, we denote σ the Galois conjugation on Q(ω) such that |σ(β)| < 1. In the cubic case, we have similarly |σ 1 (β)| < 1, |σ 2 (β)| < 1.
In general, it is not easy to decide, whether all points of the cut-and-project set mentioned in Remark 4.3 are included in the spectrum, in other words, whether equality holds in X A (β) ⊆ Σ(Ω). One way to verify this is to consider a criterion, which reduces the question to compare these sets only in a close neighbourhood of the origin. This task can be performed in few steps, taking into account that we have an algorithm to generate the spectra and cut-and-project sets. In order to decide whether there are some missing points (i.e. points in Σ(Ω) \ X A (β)) we start with the following lemma.
Lemma 4.4. Let β > 1 be a unit and let S ⊂ K(σ(β), A) satisfy
Proof. Let x ∈ Σ(S), i.e. σ(x) ∈ S. By the assumption there exists a 0 ∈ A such that
∈ S. Thus y :=
Note that the assumption that β is a unit is used here to ensure that y ∈ Z[ω]. If y ∈ X A (β), then also x = βy +σ −1 (a 0 ) ∈ X A (β). We have that |y| < |x| unless x ≤ 1/(β − 1). Thus, by iterating this procedure, we eventually obtain a point in cl(B 1/(β−1) (0)). Let us explain the consequences of this lemma in the quadratic case. The cubic case can be treated accordingly. Setting S = K(σ(β), A), the condition (5) is satisfied, even with equality. This has the following consequence. (
Proof. The inclusion Σ(Ω) ⊇ X A (β) is satisfied by Remark 4.3, for the other inclusion, use Lemma 4.4.
In the cases (τ, 10), (τ 2 , 10), and (δ, 8) we can apply Lemma 4.4 also to S = int(K(σ(β), A)) to be able to compare the sets X A (β) and Σ(S) in those cases. We only need to show that such S satisfies condition (5). This is easy to prove in case (τ, 10) as S is the open decagon. In cases (τ 2 , 10) and (δ, 8) , things are more difficult, and we provide only a sketch of the proof for (τ 2 , 10). Let One can show that D 0 ⊂ int(D 3 ), thus we can find an open set E 0 such that D 0 ⊂ E 0 ⊂ D 3 . Define E n = F (E n−1 ) and E = n∈N E n . We see that E is an open set in K(σ(β), A) whose closure is K. Moreover, it holds that F (E) = E, i.e. E satisfies condition (5) .
It is also possible, but rather technical to show that the Hausdorff distance of ∂K and ∂D n tends to zero which implies that E = int(K). As a byproduct we also obtain that K is simply connected as each D n is simply connected.
A similar argumentation can be used to show that S = int(K(σ(δ), A 8 )) satisfies (5).
Corollary 4.6. Let Ω = int(K(σ(β), A)) for A = A 10 and β = τ, τ 2 , and for A = A 8 and β = δ. Then the following are equivalent.
Corollaries 4.5 and 4.6 give us a technique to find all missing points. First step is to find all missing points x such that |x| ≤ 1 β−1
. Next we check which of the points βx + a, a ∈ A, are missing, and we repeat this procedure.
Let us explain the method of finding the missing points of small absolute value. We need to compare the spectrum X A (β) and the cut-and-project set Σ(Ω) in the ball B 1/(β−1) (0). Finding all points of the spectrum within a bounded ball around the origin is straightforward using the techniques explained before. Let us focus on the method of generating all points of Σ(Ω) within a bounded region. For that, observe the trivial property of cut-and-project sets that
Thus, we choose a suitableΩ for which the computation of Σ(Ω) is simple, and then we check which of its elements x belong also to Σ(Ω) by verifying the condition on its conjugates. We setΩ to be a parallelogram along the roots of unity, so that the cut-and-project set is a Cartesian product of two one-dimensional cut-and-project sequences Σ(I). ConsiderΩ = I + σ(ω)I, where I is a suitable interval. Then
Σ(Ω) ⊂ Σ(Ω) = Σ I + σ(ω)I = Σ(I) + ωΣ(I) .
By the above corollaries, we only need to consider points in Σ(Ω) ∩ cl B 1/(β−1) (0) , which amounts to finding points in Σ(I)∩J, where J is an interval such that J +ωJ ⊃ cl B 1/(β−1) (0) . Then
In order to find all elements of Σ(I)∩J, realize that these are of the form x = a+bβ, a, b ∈ Z, such that a + bβ ∈ J and a + bβ
This is a system of two linear inequalities for two unknowns a, b, which can be easily solved. Let us find explicitly the suitable intervals I, J for the considered cases. We have that Ω is contained in B R (0) with R = ] where θ = arg(ω). The appropriate choices of σ(ω) are shown in Table 3 together with intervals I and J. Figure 3 illustrates the acceptance windows with the missing points marked.
Let us briefly explain how to decide whether given x ∈ Z[ω] belongs to Σ K(σ(β, A)) . This amounts to checking whether σ(x) ∈ K(σ(β, A)), i.e. whether there is a sequence of digits a i ∈ A such that σ(
. It is reasonable to consider only those digits a such that T a (σ(x)) ∈ cl(B R (0)). We claim that under the assumption that β −1 is an algebraic integer, if
only finitely many values. This fact can be shown in the same fashion as Lemma 9 of [2] .
As a consequence, either there is no infinite sequence of digits (b i ) i≥0 such that 0) ), for each i, and hence σ(x) / ∈ K(σ(β), A). Or, it happens that
and then we have that σ(x) belongs to K(σ(β), A), and, moreover, it has an eventually periodic representation in powers of σ(β) with preperiod c 0 c 1 . . . c n and period c n+1 . . . c m . Therefore checking if σ(x) ∈ K(σ(β), A) can be done in a finite time even if K(σ(β), A) has a fractal boundary.
For the case of symmetry of order 12, we consider the Pisot-cyclotomic number µ = 1 + √ 3, which is not a unit. Hence we cannot apply Lemma 4.4, and consequently the corollaries. Nevertheless, we can decide that Σ(Ω) X A (β) for Ω = int K(σ(µ, A 12 )) , since already in the ball B 1/(β−1) (0) there are missing points, as it is seen from Figure 3e .
Similar procedure as in the quadratic case can be performed for the cases of cubic spectra, where both considered numbers are units. It turns out that none of the relatively dense cubic spectra corresponds to a cut-and-project set with simply connected acceptance windows, since there are many missing points. This is the reason we do not include the details of the computation. Figure 3. The acceptance windows with the missing points marked, in cases corresponding to the spectra of quadratic Pisot-cyclotomic numbers.
Spectra and their Voronoi tilings
Let us focus on the Voronoi tiling of the spectrum. Such a tiling is important, for it provides a natural definition of 'neighbours' of points in an aperiodic Delone set. Formally, the Voronoi tile of a point x in a Delone set Λ ⊂ C is defined as V (x) = {z ∈ C : for any y ∈ Λ, |x − z| ≤ |y − z|} .
It is not difficult to see that only the closest points of Λ influence the shape of the tile V (x). In fact, one needs to look only to the distance 2r c , where r c is the covering radius of Λ. The smallest finite subset F ⊂ Λ such that V (x) = {z ∈ C : for any y ∈ F, |x − z| ≤ |y − z|} can be considered as the set of neighbours.
Consider a central point x ∈ Λ and additional points z i ∈ Λ which surround x. Between each z i and x there is a line dividing C such that each point on this line has equal distance from z i and x. These lines form the boundary of the tile centered at x. One can naturally define the neighbours of x in Λ as those points z i , whose tiles V (z i ) share a line segment with V (x).
Denote the vertices of the tile V (x) by v 1 , v 2 , . . . where each v i depends only on x, z i and z i+1 . As v i is the circumcenter of the triangle x, z i and z i+1 we have that
Note that the disc of radius r centered at x contains no elements of Λ in its interior. Therefore r ≤ r c .
The maximal distance |v i − x| will be called the radius of the tile V (x) and denoted by r x . It is not difficult to realize that taking the supremum of radii of tiles over all points of Λ, we obtain the covering radius r c of Λ, (6) r c = sup{r x : x ∈ Λ} .
If the set Λ has finite local complexity, the supremum is achieved, i.e. there exists a tile whose radius is equal to r c . An upper bound on the covering radius of the spectra was given in Proposition 2.6. In this section, we will find the exact value for r c for all our cases of the spectra of Pisot-cyclotomic numbers which are Delone. This will further allow us to provide a bound on the number of tiles in the corresponding tiling. In several cases, a more thorough inspection of the problem will allow us to determine the number of tiles precisely, see Section 6.
To find a lower bound on r c , simply compute the spectrum in some large neighbourhood of the origin, together with its Voronoi tiling, and find the maximum radii of these tiles. Computing an upper bound is more challenging, but still feasible. We will find an upper bound on r c by inspecting the radius of certain tiles in the tiling created by the (finite) set X A n (β). Obviously, there are unbounded tiles at the boundaries, however, we will check only tiles in a suitable region A n around the origin.
Let X A n (β) be a subset of X A (β) that is constructible by polynomials up to degree n,
Obviously, X A n+1 (β) can be constructed by a union of translates of copies of
For n ∈ N, consider regions A n , satisfying
It can be shown that we can set A n = β n B R (0), where R = R(θ, γ) is given by the formula
see Figure 4 and Table 4 . Such a set has the following advantage for our computation. Take a point x ∈ X A n+1 (β) which belongs to A n+1 . Then there exists an a ∈ A such that x ∈ (aβ n+1 + (a) τ with n = 5 (b) τ with n = 10 (c) τ 2 with n = 10 (d) λ with n = 7 (e) λ with n = 14 (f) δ with n = 8
(g) κ with n = 18 (h) µ with n = 12 Figure 4 . Ball of radius R(θ, γ) (red), the images of the ball of radius R(θ, γ) under the map y → y/β + a i (black) and the attractor for this map (green).
. Therefore one has a corresponding point y ∈ X A n (β) ∩ A n such that x = aβ n + y. Consider the Voronoi tile of the point y created by points z 1 , . . . , z k of X A n (β) ∩ A n . Then the Voronoi tile of the point x = y + aβ n+1 is created by points z 1 + aβ n+1 , . . . , z k + aβ n+1 , which lie in X A n+1 (β) ∩ A n+1 , and, perhaps, some additional points of X A n+1 (β). The Voronoi tile V x of x with respect to X A n+1 (β) is therefore cut from the Voronoi tile V y of y with respect to X A n (β). Consequently, the radius of V x is smaller or equal to the radius of V y , which, in turn, is bounded from above by the maximum of radii of tiles in the tiling of X A n (β) centered in points of A n . We denote this maximum by ∆ n . We have thus demonstrated the following statement.
Corollary 5.1. Let ∆ n be the maximum of the radii of tiles in the tiling of X A n (β) centered at points in X n ∩ A n . Then (∆ n ) n≥n 0 is a decreasing sequence such that ∆ n → r c as n tends to infinity.
Moreover, as X A (β) is of finite local complexity, there exists some N 0 such that ∆ n = r c for all n ≥ N 0 . 1.4142135622 1.035276182 1 Table 4 . Pisot cyclotomic numbers, radius of interior ball for computation of the covering radius r c of the corresponding spectrum, the computed value of r c . The last column shows the iteration needed to obtain the neighbourhood of the origin determining its Voronoi tile.
By inspecting tiles in the tiling of X A n (β), n ≥ 1, one obtains a sequence of upper estimates of the covering radius of X A (β). In our computation, we were successful, after a few steps, in obtaining an upper bound on r c which coincides with the lower bound obtained as explained earlier. Thus, we have derived the exact value of the covering radius for all our cases. The values of r c of the spectra of quadratic and cubic Pisot-cyclotomic numbers are, together with n such that r c = ∆ n , displayed in Table 4 .
Remark 5.2. It can be checked that, in fact, the covering radius of the spectrum is in all our cases equal to the radius r 0 of the Voronoi tile of the origin.
Local configurations
In a Delone set with finite local complexity, it is interesting to determine the number of local configurations of a given size. In the most restricted form of this question, we are interested in the number of different Voronoi tiles. Since a tile is given by a configuration of points within the distance at most 2r c , we immediately have that the Voronoi tiling is composed of translates of at most 2 |X A−A (β)∩B 2rc (0)| tiles. Clearly, this estimate is not reasonable. The bounds on the number of prototiles in the Voronoi tiling of the spectra can be improved by inspecting the local configurations of a given size. This method can be quite computationally expensive, but it yields also the shapes of the appearing tiles. At least in certain cases, we provide a complete description of the tiles in the Voronoi tiling, see Table 5 .
Consider x ∈ X A (β) and define its local configuration as
We will say that two local configurations are equivalent if one is a rotation, or reflections of the second. There are two key ideas about local configurations that are important:
Claim 6.1. The Voronoi tile V (x) of x is completely determined by the points in lc(x).
This observation follows from (6) and the upper bound on the covering radius r c obtained in Proposition 2.6. Claim 6.2. If x = βz+a i for some z ∈ X A (β) and a i ∈ A, then the local configuration of x can be completely determined from the local configuration of z.
Proof. To see the second fact, we need to show that if y − x is in lc(x) of x = βz + a i , then we can write y = βw + a j for some a j ∈ A and w ∈ X A (β) such that w − z belongs to lc(z). This is easy to verify: As y ∈ X A (β), there exist w ∈ X A (β), a j ∈ A such that y = βw + a j . We have
from which we can derive that
Therefore w ∈ lc(z), as required.
We observe that max |a i − a j | < 2 for A 5 and A 7 , and hence one could consider local configurations of smaller radius than 2 β−1 in these two cases. It follows that local configurations of all points x ∈ X A (β) are in this sense descendants of the local configuration of the origin. This suggests the following algorithm for computation of all local configurations in the spectrum x ∈ X A (β).
• Start with
).
• From lc(z), compute for a i ∈ A the local configuration lc(βz + a i ) as a set of those points y in a∈A βlc(z) + a, that are in distance 2 β−1 from βz + a i .
• Repeat this process until finding the complete family of local configurations in the spectrum. The procedure must stop, since X A (β) is of finite local complexity.
Example 6.3. For example for β = τ 2 and A = A 10 the local configuration of 0 is {0, 1, ω, ω 2 , . . . , ω 9 }. In fact, up to equivalents (rotation/reflection), there are 20 different local configurations. The algorithm described above gives rise to the diagram illustrated in Figure 5 . These 20 local configurations generate only five distinct tiles. Table 5 shows the results of computations of local configurations in the considered cases of spectra of Pisot-cyclotomic numbers. Together with the number of local configurations we provide also the number of non-equivalent Voronoi tiles that these configurations generate. It turns out that only symmetry 5, 10, and 8 gives rise to 'reasonable' tilings with low number of different prototiles. Let us summarize the knowledge about the spectra in individual cases of quadratic and cubic Pisot-cyclotomic numbers. We will consider only the cases which lead a relatively dense set, as given in Table 2 .
In Section 6, we have provided a method for finding prototiles forming the Voronoi tiling of the spectra. In cases of symmetry 12, 7, 14 and 18, we have shown that the corresponding tilings are rather complex, with the number of shapes of prototiles exceeding a hundred. On the other hand, for symmetry 5 (τ ), 10 (τ , τ 2 ) and 8 (δ), our method yielded a complete list of prototiles. Moreover, the spectra X A 10 (τ ), X A 10 (τ 2 ) and X A 8 (δ) also have the interesting property, that they correspond to a cut-andproject set with simply connected acceptance window, Therefore, one can consider easily the relation of the shape of the Voronoi cell of x to the position of the image of x in the acceptance window. These are quadratic cases, where, by Theorem 4.1, Ω ⊆ int K(σ(β), A) , σ denoting the unique automorphism of Q(ω) with non-trivial action on Q(β).
Suppose that the Voronoi cell of x is given by the neighbours z 1 , z 2 , . . . , z k of x. We have σ(x), σ(z i ) ∈ Ω, i = 1, . . . , k. All points y = x + t ∈ X A (β) such that σ(y), σ(z i ) + σ(t) ∈ Ω, i = 1, . . . , k, will either have the same type of Voronoi cell, or their Voronoi cell will be just a 'cut' of V (x). Therefore the acceptance window Ω will be divided into regions corresponding to prototiles, such that for any σ(y) in a given region, y has the corresponding tile as its Voronoi cell. These regions are bounded by intersections of the boundary of several suitably shifted copies of Ω. This phenomenon is illustrated in Figures 7, 8, and 9 . On the other hand, Figure 6 shows that in case there are some missing points in the acceptance window, the situation is much more complicated. 7.1. Case n = 5, β = τ . Consider K(σ(τ ), A 5 ), see Figure 3 . In Section 4, we have seen that the spectrum with pentagonal alphabet does not correspond to a cutand-project set with simply connected acceptance window, since there are points in Σ(Ω) \ X A 5 (τ ), where Ω = int(K(σ(τ ), A 5 )). Nevertheless, the tiling of this case of spectra can be described, see Figure 6 . Surprisingly, there are only 12 prototiles. 7.2. Case n = 10, β = τ . Consider K(σ(τ ), A 10 ), see Figure 3 . In Section 4, we have seen that setting Ω = int(K(σ(τ ), A 10 )), there are no missing points, i.e. the spectrum of τ with decagonal alphabet satisfies
Moreover, since K(σ(τ ), A 10 ) = K(1/τ, A 10 ), we can derive from Theorem 2.9 that points of σ(X A 10 (τ )) do not lie on the boundary of K(σ(τ ), A 10 ), thus we conclude that
i.e. the acceptance window is an open decagon of radius τ 2 . The tiling of this case of spectra is illustrated in Figure 7 . There are 5 prototiles. Let us mention that the tiling for Σ(Ω) for this case was already described in [12] . It can be shown that only 3 of the 5 prototiles appear with non-zero density in the tiling. 7.3. Case n = 10, β = τ 2 . Consider K(σ(τ 2 ), A 10 ), see Figure 3 . By a similar argumentation as for n = 10 and β = τ , we can derive that this case of the spectra corresponds to a cut-and-project set with simply connected acceptance window which now has fractal nature. We have
where Ω = int(K(σ(τ 2 ), A 10 )) .
The tiling of this case of spectra is illustrated in Figure 7 . Again, there are 5 prototiles, four of which appear with non-zero density in the tiling. The decagonal tile appears only once. The tiling of X A 8 (δ) has exactly 5 distinct types of tiles, all of them appearing with non-zero density. 7.5. 12-fold symmetry. Consider K(σ(µ), A 12 ) (see Figure 3 ). In this case β = µ is not a unit, so Corollaries 4.5 and 4.6 do not apply, nevertheless, we have found points in Σ(int(K(σ(δ), A 12 ))) \ X A 12 (δ), which means that this case of the spectra does not correspond to a cut-and-project set with simply connected acceptance window. This fact also reflects in that the tile set of this spectrum contains over hundred distinct types of tiles.
7.6. 7-, 14-and 18-fold symmetry. Consider the candidates for the acceptance windows, according to Remark 4.3 and Figure 2 . By an analysis similar to that for quadratic cases, we derive that the spectrum cannot be identified with a cut-andproject set with reasonable acceptance window. Our computation shows that also the Voronoi tiling is complicated:
• X A 7 (λ) has at least 201 distinct types of tiles.
• X A 14 (λ) has at least 189 distinct types of tiles.
• X A 18 (κ) has at least 154 distinct types of tiles.
Conclusions
In this paper we have studied the possibility to model quasicrystals with symmetries of order 5 (10), 7 (14), 8, 9 (18) , 12 by spectra of Pisot-cyclotomic numbers of degree two or three. It turned out that in the quadratic case, there are spectra that can be identified with self-similar quasilattices defined by the cut-and-project scheme. Similar structures have been studied in [16] , however, our approach uses techniques from non-standard number systems and thus brings a new insight into the question. For, the possibility to model certain quasilattices by cut-and-project sets with simply connected acceptance windows is closely related to representability of all complex numbers in an appropriate base with digits in a suitably chosen alphabet. Our results of number-theoretical nature are collected in Section 2 and are of independent interest. 
